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Appendix A: Gravity darkening ICB9 % Zeipel D EIEDEERF

Here we prove the following theorem (H von Zeipel, 1924) : The emergent fluz of total radiation over
the surface of a rotationally or tidally distorted star in radiative equilibrium varies proportionally to the
local gravity.

Let F denote the flux across the level surface of constant potential at any point in the star. Then, we
have c

F=—-——Vp,. (A-1)
Kp

Here,  is the opacity constant, p is the density, and p, is the radiation pressure. In equilibrium, p,

*9 Chandrasekhar, S. 1933, MNRAS, 93, 539
Chandrasekhar, S. 1933, MNRAS, 93, 449
Kopal, Z. 1959, Close Binary Systems s E12 K %



satisfies ) A
V- (Vpr> = TP (A-2)
Kp

c

where 47e stands for the rate of energy liberation (the equation of radiative equilibrium).

On the other hand, the equation of mechanical equilibrium can be written as
VP =—-pVVU, (A-3)
where P is the total pressure (gas and radiation) and ¥ is given by
U=V4+V'+ Vo (A-4)
In eq.(A-4), V denotes the gravitational potential arising from the mass distribution of the star; V' is the
tide-generating potential arising from the secondary; V. is the centrifugal potential of any particular

layer, rotating around an axis that it perpendicular to the orbital plane with the angular velocity w. As

so defined, these potentials satisfy the following Poisson’s equations:

V2V = 471G, (A-5)
VAV =0, (A-6)
V2V = —2w?, (A-7)

From these equations, it can be shown that surfaces of constant ¥ (level surfaces) are also surfaces of

constant P and p, and hence T, p,., kK must be some functions of ¥. Using eqs.(A-5)-(A-7), eq.(A-3) yields

1
\ (VP) = —47Gp + 2w? (A-8)
p
Since P and p, are constant over a level surface*!°?, we may consider p, as a function of P and rewrite
eq.(A-2) as
1dp, 1 dep
v.(= .IVP) = - , A-9
(Fa dP p ) c (4-9)
which gives*!!
d (1dp-\1 5 ldp, 1 dmep
— | = —(VP — V- |-VP|=- . A-10
dP<ndP>p( ) +K3dP p c ( )

Substituting eq.(A-8) into eq.(A-10), we find

d (1dp,-\1 9 dmep  1dp, 9
= (= (VP2 =— =P 4G — 2 A1l
ap (mdP) ,(VFP) o T rapWrer =2, (A-11)

whose right-hand side is a constant over a level surface*'2. Hence the left-hand side is either constant over
a level surface or is identically zero. If it were a constant over a level surface, so is [V P|, which requires

that the equipotntial surafaces are parallel. This is impossible for a tidally distorted configuration, and

d (1dp.\ _
ip (K dP) =0 (A-12)

so we should have

*10 a5 discussed in the previous paragraph
V- (VYY) = Vo - VY + ¢V

*12 This follows from the same discussion as referred in the footnote 5



or

= const. = f3 (A-13)

From this equation, together with eqs.(A-1) and (A-3), the flux F across the level surface is given by

¢ dp,
F=—— = . A-14
p” VP CAA (A-14)

Since VV is identical with the local gravity, the validity of von Zeipel’s theorem is thus demonstrated.

Appendix B: Relativistic beaming M3 (1) DEH
B-1. Angular Distribution of Received Power*!3

Let us consider a particle moving at (relativistic) velocity v in the x direction in a certain inertial
frame K. We also consider an instantaneous rest frame K’, in which the particle has zero velocity
instantaneously (= at least for infinitesimally neighboring times). Suppose that, in the instantaneous
rest frame, an amount of power dP’ is emitted from the particle into the solid angle d’, then the power
recieved by an observer in frame K (per solid angle) is given by

ar _ daw _ dw dQ di’ aw’ _ dw dQ' dt’ dP’ (B-1)
dQ  dQdt AW’ dQ dt dQde

dw’ dQ dt d-

(i) dW/dW’ (Energy transformation)
Let us consider an amount of energy dW’ and momentum dp’ is emitted into the solid angle d©)’ =
d(cos@')d¢’ = dp'de¢’ about the direction (¢’,¢’), where ¢'(or ) is measured from the z’(or z) axis.

Then, the Lorentz transformation of the four-vector gives the energy dW obeserved in frame K:
dW = ~v(dW' + vdpl,) = ~(1 + Bu’)dW'. (B-2)

Here, we used dp/, = (AW'/c) cos @ = Sp/dW”’.

(i) d2/d€Y (Aberration of light)

For velocities in frame K and K’, we have the relation

!
u v /
I+ N

U= 1—|—vu’H/C2 I ~(1 —Q—vufl/cz)’

(B-3)

where || denotes the component parallel to v (= 2 component), and L perpendicular to it. This gives,

in the case of |u| = ¢,
u| cos® + 3 W+ B
l=—=—— = B-4
€08 c 1+ Bcosb’ or 1+ 6y (B-4)

Differentiating this equation and using d¢ = d¢’, we have the transformation of the solid angle, given by

du’ ae’

A2 =dudo = S g 40 =

T (55)

*13 Rybicki and Lightman, “Radiative Processes in Astrophysics”, pp. 140-142 I X %
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(iii) d¢/d¢’

Suppose that the light is emitted in K’ frame during the time interval of d#’ and observed in the
direction 6 with respect to the velocity of the particle in frame K. Then, that interval is given by
dt = vdt’ in frame K, for the particle is at rest in frame K’. Since the particle in frame K travels vy dt
along the observer’s line of sight during this interval, the time interval dt4 during which an observer in

K receives the radiation is

de’
dtg = dt(1 — Bp) = (1 — Bu)dt’ = ————. B-6
(1= ) =1 = Bt = (5-6)
In the last equation, we used the relation
(R P — (B-7)
— Bu = -
YL+ B)

obtained from eq.(B-4). Here, we use this dt4 as the value of dt in d¢/dt’.
We also have the relation of frequencies in these two frames (Doppler effect), taking dt’ as a period of

emission in frame K’. The result is
v=7(1+Bu ). (B-8)

& Remark
If we choose, in the step (iii), dt = yd#’, then this is the time interval of emission in frame K. With

this choice, we obtain dP/dQ) as the emitted power per solid angle in frame K.

From (i)-(iii), we get the transformation

dpP

P LdP 1 dP
aQ -

A A1 - pp)t e

1+ Bu) (B-9)

Here, we again used eq.(B-7). Note that the inverse fransformation is obtained by interchanging primed

and unprimed quantities, along with changing the sign of § (emitted power does not have such symmetry

property).

B-2. “Beaming” Formula*!4

Hereafter, we will use F' for dP/d) and v, = Su for the radial velocity of the particle in frame K. For
v K ¢, egs. (B-9) and (B-8) yield
_ 5 Ur .
F_F(1—|—4C) (B-10)
/ Ur
v=v (1+7) . (B-11)
c

Assuming that F), o« v/, from these egs.(B-10) and (B-11) we have

Uy

F,=F [1 +(3-a) ?} . (B-12)

412k 2
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If F/, is a blackbody spectrum with a tempratrure Teg, o is given by

_dlnF), e*(3—x)-3

= = B-1
a(v) dlnv et —1 7 (B-13)
where we defined © = hv/kTog. Then we get AF, the amplitude of the modulation of F,,, as
AF Krv
T]L = Obeam 4 c 3 (B_14)
where KRy is the amplitude of the radial velocity v, and apeam is defined as
Qbeam = 5= Oé(V) =~ re (B—15)

4 T 4(er — 1)
For Tog = 5700K, apeam changes as plotted in Fig.10. In the Kepler bandpass(400 nm-850 nm), =

changes from 3 to 6, and SO apeam value is between 0.8 and 1.5.

10 y = abeam ()
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